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Adhesion processes of biological membranes that enclose cells and cellular organelles are essential for immune
responses, tissue formation, and signaling. These processes depend sensitively on the binding constant K2D
of the membrane-anchored receptor and ligand proteins that mediate adhesion, which is difficult to measure
in the ‘two-dimensional’ (2D) membrane environment of the proteins. An important problem therefore is
to relate K2D to the binding constant K3D of soluble variants of the receptors and ligands that lack the
membrane anchors and are free to diffuse in three dimensions (3D). In this article, we present a general
theory for the binding constants K2D and K3D of rather stiff proteins whose main degrees of freedom are
translation and rotation, along membranes and around anchor points ‘in 2D’, or unconstrained ‘in 3D’. The
theory generalizes previous results by describing how K2D depends both on the average separation and thermal
nanoscale roughness of the apposing membranes, and on the length and anchoring flexibility of the receptors
and ligands. Our theoretical results for the ratio K2D/K3D of the binding constants agree with detailed results
from Monte Carlo simulations without any data fitting, which indicates that the theory captures the essential
features of the ‘dimensionality reduction’ due to membrane anchoring. In our Monte Carlo simulations, we
consider a novel coarse-grained model of biomembrane adhesion in which the membranes are represented as
discretized elastic surfaces, and the receptors and ligands as anchored molecules that diffuse continuously
along the membranes and rotate at their anchor points.
PACS numbers: 87.16.D–, 87.15.kp, 87.16.A–
I. INTRODUCTION
Cell adhesion and the adhesion of vesicles to the mem-
branes of cells and cellular organelles is mediated by
the binding of receptor and ligand proteins that are an-
chored in the adhering membranes. Central questions are
how the binding affinity of the anchored proteins can be
measured and quantified, how this affinity is affected by
characteristic properties of the proteins and membranes,
and how it is related to the affinity of soluble variants
of the receptor and ligand proteins without membrane
anchors1–8. For soluble receptors and ligands that are
free to diffuse in three dimensions (3D), the binding affin-
ity can be quantified by the binding equilibrium constant
K3D =
[RL]3D
[R]3D[L]3D
(1)
where [RL]3D is the volume concentration of bound
receptor-ligand complexes, and [R]3D and [L]3D are the
volume concentrations of unbound receptors and un-
bound ligands in the solution. The binding constant K3D
is determined by the binding free energy of the complex
and, thus, by local interactions at the binding sites of
the proteins, at least in the absence of more global con-
formational changes of the proteins during binding. The
binding constant K3D can be measured with standard
experimental methods9–11. A two-dimensional (2D) ana-
logue for membrane-anchored receptors and ligands that
are restricted to the membrane environment is the bind-
ing constant
K2D =
[RL]2D
[R]2D[L]2D
(2)
where [RL]2D, [R]2D, and [L]2D are the area con-
centrations of bound receptor-ligand complexes, un-
bound receptors, and unbound ligands1,2. The bind-
ing of membrane-anchored receptors and ligands in
cell adhesion zones has been experimentally investi-
gated with fluorescence methods12–18 and with several
mechanical methods involving hydrodynamic flow19,20,
centrifugation21, or micropipette setups that use red
blood cells as force sensors22–27. However, the K2D val-
ues obtained from different methods can differ by several
orders of magnitude1, which indicates a ‘global’ depen-
dence of K2D on the membrane adhesion system, besides
the dependence on local receptor and ligand interactions.
In this article, we present a general theory that relates
the binding constant K2D of membrane-anchored recep-
tor and ligand molecules to the binding constant K3D of
soluble variants of these molecules. This theory describes
how K2D depends both on overall characteristics of the
membranes and on molecular properties of the receptors
and ligands. Quantifying K2D is complicated by the fact
that the binding of membrane-anchored receptors and
ligands depends on the local separation l of the mem-
branes, which varies – along the membranes, and in time
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2– because of thermally excited membrane shape fluctu-
ations. Experiments that probe K2D imply averages in
space and time over membrane adhesion regions and mea-
surement durations. In our theory, we first determine the
binding constant K2D for a given local separation l, and
then average over the distribution P (l) of local membrane
separations that describes the spatial and temporal varia-
tions of l. The two key overall membrane characteristics
that emerge from this theoretical approach are the av-
erage separation l¯ and relative roughness ξ⊥ of the two
apposing membranes, which are the mean and standard
deviation of the distribution P (l). Our theory quanti-
fies the dependence of K2D on the average separation
l¯ and relative membrane roughness ξ⊥, and helps to un-
derstand why different experimental methods can lead to
values of K2D that differ by orders of magnitude
1 (see
Discussion and Conclusions).
Our theory is validated in this article by a detailed
comparison to data from Monte Carlo (MC) simulations.
Such a comparison is essential to test simplifying as-
sumptions and heuristic elements in relating K2D to the
binding constant K3D of soluble variants of receptors
and ligands without membrane anchors. Our theoreti-
cal results for the ratio K2D/K3D of the binding con-
stants agree with detailed results from MC simulations
without any data fitting, which indicates that our the-
ory captures the essential features of the ‘dimensionality
reduction’ due to membrane anchoring. The MC simu-
lations are based on a novel model of biomembrane ad-
hesion in which the membranes are represented as dis-
cretized elastic surfaces, and the receptors and ligands as
anchored molecules that diffuse continuously along the
membranes and rotate around their anchoring points.
We use the MC simulations to determine both the bind-
ing constant K2D of these membrane-anchored molecules
and the binding constant K3D of soluble variants of the
molecules that have the same binding interactions but
are free to move in 3D. In previous elastic-membrane
models of biomembrane adhesion, determining both K2D
and K3D and the molecular characteristics affecting these
binding constants has not been possible because the re-
ceptors and ligands are not explicitly represented as an-
chored molecules. Instead, the binding of receptors and
ligands has been described implicitly by interactions that
depend on the membrane separation28–35. In other previ-
ous elastic-membrane models, receptors and ligands are
described by concentration fields rather than individual
molecules36–43, or receptor-ligand bonds are treated as
constraints on the local membrane separation44,45. In
our accompanying article46, we compare our theory for
the binding equilibrium of membrane-anchored receptor
and ligand molecules to detailed data from molecular dy-
namics simulations of a coarse-grained molecular model
of biomembrane adhesion7, and extend this theory to the
binding kinetics of membrane-anchored molecules.
II. COARSE-GRAINED ELASTIC-MEMBRANE MODEL
OF BIOMEMBRANE ADHESION
In this section, we introduce our elastic-membrane
model of biomembrane adhesion. In this model, the over-
all configurational energy of rod-like receptors and lig-
ands
H = H
(1)
el +H
(2)
el +Hint +Hanc (3)
is the sum of the elastic energies H
(1)
el and H
(2)
el of the
two membranes, the total interaction energy Hint of the
receptor and ligand molecules, and the total anchoring
energy Hanc of these molecules.
A. Elastic energy of the membranes.
The conformations of the two apposing membranes can
be described in Monge representation via their local de-
viations out of a reference plane. We discretize this refer-
ence plane into a quadratic lattice with lattice spacing a,
which results in a partitioning of the membranes into ap-
proximately quadratic patches. The elastic energy H
(1)
el
and H
(2)
el of the membranes then can be written as
47,48
H
(j)
el =
∑
i
[
(κ(j)/2a2)(∆dl
(j)
i )
2 + (σ(j)/2)(∇dl(j)i )2
]
(4)
with j = 1, 2 where l
(1)
i and l
(2)
i are the local deviations
of the membranes at lattice site i out of the reference
plane. The elastic energy (4) is the sum of the bending
energy with rigidity κ(j)49 and the contribution from the
membrane tension σ(j). The bending energy depends on
the total curvature ∆dli/a
2 with discretized Laplacian
∆dli = ∆dlx,y = lx+a,y + lx−a,y + lx,y+a + lx,y−a − 4lx,y
(5)
The tension contribution depends on the local area in-
crease
(∇dli)2 = (∇dlx,y)2 = (lx+a,y − lx,y)2 + (lx,y+a − lx,y)2
(6)
of the curved membranes with respect to the reference
x-y plane. The whole spectrum of bending deformations
is captured in this model if the lattice spacing a of the
discretized membranes is about 5 nm, which is close to
the membrane thickness50.
B. Binding and anchoring of receptors and ligands.
The total interaction energy Hint represents the inter-
actions of all receptor-ligand complexes. In our model,
the binding potential of a single receptor and a single
ligand
Vint(r, θ1, θ2) = Ube
−krr2/2e−kθ(θ
2
1+θ
2
2)/2 (7)
3(a)
(b)
Figure 1. Snapshots from MC simulations with rigid receptors and ligands anchored (a) to parallel and planar membranes with
separation l = 7.8 a, and (b) to fluctuating membranes. The length of the receptors and ligands is LR = LL = 4 a, and the
anchoring strength is ka = 4 kBT . The snapshots display membrane segments of area 40× 40 a2 from simulations with overall
membrane area 160× 160 a2 and 200 receptors and ligands.
depends on the distance r between the binding sites
located at the tips of the rod-like receptor and ligand
molecules, and on the two angles θ1 and θ2 that describe
the relative orientation of the molecules. For our rod-like
receptors and ligands, the angle θ1 is the angle between
the receptor and the binding vector connecting the two
binding sites, and the angle θ2 is the angle between the
ligand and this vector. We use two angles θ1 and θ2 for
the relative orientation to ensure that the binding sites
of the receptor and ligand do not overlap. The total in-
teraction energy Hint of the receptors and ligands in Eq.
(3) is the sum of the potential energies (7) of all bound
receptor-ligand complexes.
The total anchoring energy Hanc is the sum of the
anchoring energies of all receptors and ligands. In our
model, the anchoring energy of a single receptor or lig-
and is described by the harmonic potential
Vanchor =
1
2
kaθ
2
a (8)
with anchoring strength ka. The anchoring angle θa is
the angle between the receptors or ligands and the local
membrane normal (see Appendix A for further details).
III. GENERAL THEORY FOR THE BINDING
CONSTANTS OF RIGID RECEPTORS AND LIGANDS
In this section, we derive our general theory for the
binding constants K2D and K3D of rigid, rod-like recep-
tors and ligands. The starting point of our theory is
the binding free energy ∆G2D and ∆G3D of membrane-
anchored and soluble receptor and ligand molecules. We
first summarize a standard theory for the binding free
energy ∆G3D of soluble molecules, and then extend this
theory to the binding free energy ∆G2D of membrane-
anchored molecules. From these binding free energies, we
obtain general relations between the binding constants
K2D and K3D. In section IV, we compare these theo-
retical relations to detailed results from MC simulations,
and generalize our theory to semi-flexible receptor and
ligand molecules.
A. Binding free energy of soluble receptors and ligands.
We first consider the binding free energy ∆G3D of
a single soluble receptor and a single soluble ligand in
a volume V . A standard approach in which this free
energy is expanded around its minimum leads to the
decomposition7,51,52
∆G3D ' U0 + ∆Gtrans + ∆Grot
' U0 − kBT ln
[
Vb
V
]
− kBT ln
[
Ωb
4pi
]
(9)
into the minimum binding energy U0 and the transla-
tional and rotational free-energy contributions ∆Gtrans
and ∆Grot. Here, Vb and Ωb are the translational and ro-
tational phase-space volume of the bound ligand relative
to the receptor. The translational phase-space volume
of the bound ligand is Vb = (2pi)
3/2ξxξyξz where ξx, ξy,
and ξz are the standard deviations of the distributions
for the coordinates x, y, and z of the binding vector that
connects the two binding sites. The z-direction here is
taken to be parallel to the direction of the receptor-ligand
complex. For a preferred collinear binding of the recep-
tor and ligand as in the binding potential of Eq. (7),
4the rotational phase space volume of the bound ligand
is Ωb = 2piσ
2
b where σb is the standard deviation of the
binding-angle distribution7. The unbound ligand trans-
lates and rotates freely with translational phase-space
volume V and rotational phase-space volume 4pi.
B. Binding free energy of receptors and ligands anchored
to planar and parallel membranes.
In analogy to Eq. (9), the binding free energy ∆G2D
of a receptor and a ligand molecule that are anchored to
two apposing planar and parallel membranes of area A
and separation l can be decomposed as7
∆G2D ' U0 + ∆Gtrans + ∆Grot
' U0 − kBT ln
[
Ab
A
]
− kBT ln
[
ΩbΩRL
ΩRΩL
]
(10)
where Ab = 2piξxξy is the translational phase space area
of the bound ligand relative to the receptor in the two
directions x and y parallel to the membranes, and ΩR,
ΩL, and ΩRL are the rotational phase space volumes of
the unbound receptor R, unbound ligand L, and bound
receptor-ligand complex RL relative to the membranes.
We have assumed here that the binding angle variations
are small compared to the overall rotations of the bound
RL complex, i.e. we have assumed that the anchoring po-
tential is ‘soft’ compared to the binding potential. The
rational phase space volume Ωb for the binding angle and
the minimal binding energy U0 then are not affected by
the anchoring, and the overall rotational phase space vol-
ume of the bound complex can be approximated as the
product of the rotational phase space volume Ωb for the
binding angle and the phase space volume ΩRL for the ro-
tations of the whole complex relative to the membrane7.
For the harmonic anchoring potential (8), the rotational
phase space volumes of the unbound molecules are
ΩR = ΩL = 2pi
∫ pi/2
0
e−
1
2kaθ
2
a/kBT sin θa dθa (11)
' 2pikBT/ka for ka  kBT (12)
For simplicity, we consider here receptors and ligands
with identical anchoring strength ka.
The remaining task now is to determine the phase
space volume ΩRL for the rotations of the bound RL
complex relative to the membrane. We find that these ro-
tations can be described by the effective configurational
energy (see Appendix B)
HRL(θa, LRL) ' kaθ2a +
1
2
kRL(LRL − L0)2 (13)
The first term of this effective energy is the sum of the
anchoring energies (8) for the receptor and ligand in the
complex. The two anchoring angles θa for the bound
receptor and ligand here are taken to be approximately
equal, which holds for binding angles and binding angle
variations that are small compared to the anchoring angle
variations, or in other words, for binding potentials that
are ‘hard’ compared to the anchoring potentials. The
second term of the effective energy (13) is a harmonic
approximation for variations in the length LRL of the
receptor-ligand complex, i.e. in the distance between the
two anchoring points of the complex. For rod-like recep-
tor and ligand molecules, variations in the length LRL of
the complex result from variations of the binding angle
and binding-site distance. The preferred length L0 and
effective spring constant kRL of the RL complex in the ef-
fective energy (13) are then approximately (see Appendix
B)
L0 ' LR + LL + z0 − σ2bLRLL/(LR + LL) (14)
kRL ' kBT/
(
ξ2z + σ
4
bL
2
RL
2
L/(LR + LL)
2
)
(15)
where LR and LL are the lengths of the rod-like receptor
and ligand, z0 is the average of the distance between
the binding sites in the direction of the complex, ξz is
the standard deviation of this distance, and σb is the
standard deviation of the binding-angle distribution for
preferred collinear binding as in our model.
For a given separation l of the membranes, the length
LRL and anchoring angle θa of the receptor-ligand com-
plex are related via
LRL(θa) = l/ cos θa (16)
The effective configurational energy (13) then only de-
pends on the single variable θa. With this effective con-
figurational energy, the rotational phase space volume of
the bound RL complex can be calculated as
ΩRL(l) ' 2pi
∫ pi/2
0
e−HRL(θa,LRL(θa))/kBT sin θadθa (17)
The integration in Eq. (17) can be easily evaluated nu-
merically for specific values of the spring constants ka
and kRL, of the preferred length L0 of the complex, and
of the membrane separation l.
C. Binding constant of receptors and ligands anchored to
planar and parallel membranes.
From the binding free energies ∆G2D and ∆G3D
given in Eqs. (9) and (10) and the relations K2D =
A exp[−∆G2D/kBT ] and K3D = V exp[−∆G3D/kBT ]
between the binding free energies and binding constants7,
we obtain the general result
K2D(l) ' K3D
√
8pi
ξz
ΩRL(l)
ΩRΩL
(18)
which relates the binding constant K2D(l) of receptors
and ligands anchored to parallel and planar membranes
of separation l to the binding constant K3D of soluble
variants of the receptors and ligands without membrane
5anchors. In deriving Eq. (18), we have assumed that the
binding interface is not affected by the membrane an-
choring, which holds for anchoring potentials that are
much softer than the binding potential. The minimum
binding energy U0 and the standard deviations ξx and
ξy of the binding vector coordinates in the two direc-
tions perpendicular to the complex are then the same for
the soluble and the membrane-anchored receptor-ligand
complex. For simplicity, we take the two directions x and
y perpendicular to the complex to be identical with the
two directions along the membranes. The ratio of the
translational phase space volume of the soluble RL com-
plex and the translational phase space area of the bound
complex then is approximately Vb/Ab '
√
2piξz.
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D. Binding constant of receptors and ligands anchored to
fluctuating membranes.
In membrane-membrane adhesion zones, the local sep-
aration l is not fixed but varies because of thermally ex-
cited shape fluctuations of the membranes. Our MC
simulations show that the distribution P (l) of this local
separation is well approximated by the Gaussian distri-
bution
P (l) ' exp [−(l − l¯)2/2ξ2⊥] /(√2piξ⊥) (19)
where l¯ = 〈l〉 is the average separation of the mem-
branes or membrane segments, and ξ⊥ =
√
〈(l − l¯)2〉
is the relative roughness of the membranes. The rel-
ative roughness is the standard deviation of the local
membrane separation l, i.e. the width of the distribu-
tion P (l). The same Gaussian behavior of P (l) is also
found in molecular dynamics simulations (see our accom-
panying manuscript46). The Gaussian behavior of P (l)
holds for situations in which the adhesion of two appos-
ing membrane segments is mediated by a single type of
receptors and ligands as in our simulations.
Our MC simulations also reveal that the equilibrium
constant K2D for fluctuating membranes can be obtained
in two rather different ways. On the one hand, we can
determine K2D directly from its definition in Eq. (2) by
measuring the area concentrations [RL], [R], and [L] in
the simulations. On the other hand, this equilibrium con-
stant can also be obtained from the equilibrium constants
K2D(l) for planar membranes via the simple relation
K2D =
∫
K2D(l)P (l)dl (20)
i.e., by averaging K2D(l) over the distribution P (l) for
the local membrane separation. The relation in Eq. (20)
implies that we can identify the constant separation of
the planar membranes with the local separation of the
fluctuating membranes. This conclusion is somewhat
surprising because thermally excited shape fluctuations
of the membranes also lead to fluctuations of the mem-
branes’ normal vectors, which affect the energetically
most favorable local orientations of the receptor and lig-
and molecules. However, as shown in the Appendices D
and E, the contribution from these orientational fluctu-
ations is relatively small and can be neglected compared
to the fluctuations in the local separation l. If we ignore
the orientational fluctuations of the membranes, Eq. (20)
can also be justified by the fact that the calculation of
thermodynamic equilibrium quantities such as K2D does
not depend on the order in which the degrees of freedom
of a system are averaged54. Eq. (20) implies that the
translational and rotational degrees of freedom of the re-
ceptors and ligands are averaged first to calculate K2D(l)
given in Eq. (18), followed by a second average over the
local membrane separations l with probability distribu-
tion P (l). We thus propose that Eq. (20) is general and
holds for any shape of the distribution P (l).
For a relative membrane roughness ξ⊥ that is much
larger than the width ξRL of the function K2D(l), the
distribution P (l) is nearly constant over the range of local
separations l for which K2D(l) is not negligibly small.
The average over local separations in Eq. (20) for the
Gaussian distribution (19) of P (l) then simplifies to (see
Appendix C)
K2D ' P (l¯0)
∫
K2D(l)dl ' K3Dka√
2pikBTkRL ξzξ⊥
e−(l¯0−l¯)
2/2ξ2⊥
(21)
for anchoring strengths ka  kBT , where l¯0 is the pre-
ferred average separation of the receptor-ligand com-
plexes for large membrane roughnesses. For such large
roughnesses ξ⊥ and anchoring strengths ka, the preferred
average separation of the receptor-ligand complexes is
(see Appendix C)
l¯0 ' L0(1− kBT/2ka) (22)
This preferred average separation is smaller than the pre-
ferred length L0 of the receptor-ligand complexes because
of the tilting of the complexes. The width of the function
K2D(l) can be estimated as the standard deviation (see
Appendix C)
ξRL '
√
(kBT/kRL) + (kBTL0/2ka)2 (23)
for large anchoring strengths ka  kBT .
IV. MC DATA FOR THE BINDING CONSTANTS OF
MEMBRANE-ANCHORED RECEPTORS AND LIGANDS
In this section, we compare our theoretical results
to detailed data from MC simulations with membrane-
anchored receptor and ligand molecules. These data re-
sult from two different simulation scenarios: First, we
have performed MC simulations with two apposing par-
allel and planar membranes to determine the binding con-
stant K2D as a function of the local membrane separation
l (see Fig. 1(a)). In these simulations, the local separa-
tion l is constant for all membrane patches and, thus,
6identical to the average separation l¯ of the membranes.
By varying the membrane separation l, we obtain the
function K2D(l) from these simulations. Second, we have
performed MC simulations with flexible membranes in
which the local separation l of the apposing membranes
varies because of thermally excited shape fluctuations of
the membranes (see Fig. 1(b)). These variations can be
quantified by the relative roughness ξ⊥ of the membranes,
which is the standard deviation of the local separation.
The relative roughness in our simulations depends on the
number of bound receptor-ligand complexes, because the
complexes constrain the shape fluctuations, and on the
membrane tension, which suppresses such fluctuations.
In these simulations, the membranes are ‘free to choose’
an optimal average separation l¯0 at which the overall free
energy is minimal. We thus obtain K2D as a function of
the membrane roughness ξ⊥ at the average membrane
separation l¯ = l¯0 from these simulations.
We use the parameter values Ub = −25 kBT , kr = 20
kBT/a
2, and kθ = 15kBT for the binding potential (7)
of receptors and ligands in all our simulations. For these
parameter values, the average distance between the two
binding sites in the direction of the receptor-ligand com-
plex is zo = 0.078 a, the standard deviation of this aver-
age distance is ξz = 0.036 a, and the standard deviation
of the binding angle, i.e. the angle between the recep-
tor and ligand at the interaction sites, is σb = 0.080.
The binding potential (7) with these parameter values
is rather ‘hard’ compared to the anchoring potential (8)
with anchoring strengths ka = 4 kBT , 8 kBT , or 16 kBT
considered in our simulations. The average distance zo
of the binding sites in the direction of the complex and
the standard deviations ξz and σb then do not depend on
whether the receptor and ligand molecules are anchored
to membranes, or soluble. The direction of the receptor-
ligand complex is the direction of the line connecting the
two anchoring sites at the ends of the complex. The
values of the anchoring strength ka considered in our
simulations are within the range of anchoring strengths
obtained from coarse-grained molecular dynamics simu-
lations with lipid-anchored and transmembrane receptors
and ligands46.
We determine the binding constant K2D of the
membrane-anchored receptors and ligands with Eq. (2).
The area concentrations [RL]2D, [R]2D, and [L]2D in this
equation are obtained from thermodynamic averages of
the numbers of receptor-ligand complexes, of unbound re-
ceptors, and of unbound ligands for the membrane area
160 × 160 a2 of our simulations with periodic boundary
conditions. We define a receptor and ligand to be bound
if the binding distance r and the two angles θ1 and θ2
in Eq. (7) are smaller than the cutoff values rc = 0.58 a
and θc = 0.67, respectively. These cutoff values include
99% of the area of the Gaussian functions exp(−krr2/2)
and exp(−kθθ2i /2) in Eq. (7) for the parameter values
kr = 20 kBT/a
2 and kθ = 15kBT used in our simulations.
We only allow the binding of a single ligand to a single
receptor. In our simulations, the numbers NR and NL
of receptors and ligands varies between NR = NL = 50
and 1000. The binding constant K3D of soluble variants
of the receptors and ligands is determined from Eq. (1).
These soluble receptor and ligand molecules exhibit the
same binding potential (7) as the membrane-anchored
molecules, but translate and rotate freely in a box of vol-
ume V with periodic boundary conditions. For the pa-
rameters of the binding potential given above, we obtain
the value K3D ' 261 a3.
For simplicity, we consider two membranes with iden-
tical rigidity κ and tension σ in our simulations with
flexible membranes. We use the value κ = 10 kBT in
all our simulations, which is a typical value for lipid
membranes55. Our MC simulations with flexible mem-
branes involve three types of MC moves: (i) The lateral
diffusion of a receptor or ligand along the membranes
is taken into account by moves in which the coordinates
(xa, ya) of the anchoring points in the reference plane are
continuously and randomly shifted to new values. The
local deviation la of this anchoring point in the direc-
tion perpendicular to the reference plane is determined
by linear interpolation of the local deviations li of the dis-
cretized membranes (see Appendix A for further details).
(ii) The rotational diffusion of the rod-like receptors and
ligands is taken into account by random continuous rota-
tional moves around the anchor points. (iii) Shape fluc-
tuations of the membranes can be taken into account
by moves in which the local deviations l
(1)
i and l
(2)
i are
randomly shifted to new values48. Our MC simulations
with parallel and planar membranes only involve the MC
moves (i) and (ii).
A. Binding constant of rigid receptors and ligands as a
function of the local membrane separation.
We first consider results from our MC simulations with
rigid, rod-like receptors and ligands anchored to parallel
and planar membranes. In Fig. 2, MC data for the func-
tion K2D(l) are compared to our theory for various values
of the anchoring strength ka and length LR = LL of the
receptors and ligands. The full lines in this figure result
from Eq. (18) of our theory and do not involve any fit
parameters. The dashed lines in the figure are interpo-
lations of the MC data points. For the binding potential
of the receptors and ligands used in our simulations, the
average distance between the two binding sites in the di-
rection of the receptor-ligand complex is zo = 0.078 a,
the standard deviation of this distance is ξz = 0.036 a,
the standard deviation of the binding angle is σb = 0.080,
and the binding constant of soluble variants of the recep-
tors and ligands is K3D ' 261 a3 (see above). With these
values for zo, ξz, σb, and K3D, the function K2D(l) can
be calculated from the Eqs. (11), (14), (15), (17), and
(18) of our theory for the various anchoring strengths ka
and molecular lengths LR = LL of Fig. 2. The function
K2D(l) exhibits a maximum value at a preferred local
separation l0 of the receptors and ligands, and is asym-
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Figure 2. Binding constant K2D as a function of the local
membrane separation l for (a) the anchoring strength ka =
8 kBT and different lengths LR = LL of rigid receptors and
ligands, and for (b) LR = LL = 4 a and different values of
ka. The local separation l is rescaled by the length LR = LL
of receptors and ligands. In (b), the binding constant K2D
is rescaled by ka. The full lines result from Eq. (18) of our
theory. The dashed lines are interpolations of the MC data
points. The MC data points are obtained from simulations
with parallel and planar membranes (see Fig. 1(a)) based on
Eq. (2).
metric with respect to l0. This asymmetry reflects that
the receptor-ligand complexes can tilt at local separations
l smaller than l0, but need to stretch at local separations
larger than l0.
Fig. 2 illustrates that K2D(l) strongly depends both
on the length LR = LL and anchoring strength ka of
the receptors and ligands. The decrease of K2D(l) for
increasing length LR = LL results from a decrease of the
rotational phase space volume ΩRL(l) of the receptor-
ligand complex. With increasing length of the receptors
and ligands, the RL complexes become effectively stiffer
because kRLL
2
0 in Eq. (17) increases from 12.5 · 103 kBT
for LR = LL = 2 a to 44.9 · 103 kBT and 87.8 · 103 kBT
for LR = LL = 4 a and 6 a, respectively. The effective
stiffness kRLL
2
0 determines the variations of the rescaled
length LRL/L0 of the complexes, and an increase of
this stiffness reduces the rotational phase space volume
ΩRL(l) of the complexes for a fixed local separation l of
the membranes. Changes in the anchoring strength ka
of the receptors and ligands strongly affect the rotational
free energy change ∆Grot during binding. With decreas-
ing ka, the effective width ξRL of the function K2D(l)
increases because the tilting of the complexes at small
separations l is facilitated (see Eq. (23)). The decrease
of the maximum value of the function K2D(l) with de-
creasing ka reflects that a more flexible anchoring of re-
ceptors and ligands for smaller values of ka results in a
larger loss of rotational entropy upon binding and, thus,
a larger rotational free energy change ∆Grot.
B. Binding constant of rigid receptors and ligands
anchored to thermally rough membranes.
In our MC simulations with flexible membranes, the
two membranes exhibit a relative roughness ξ⊥ that re-
sults from thermally excited membrane shape fluctua-
tions, and are ‘free to choose’ an optimal average sep-
aration l¯0 at which the overall free energy is minimal.
In Figs. 3 and 4, MC data from these simulations are
compared to our theory. The full lines in these figures
are calculated from averaging our theoretical results for
K2D(l) over the local membrane separation l according
to Eq. (20), and do not involve any fit parameters. In
this calculation, we approximate the distribution P (l) of
the local membrane separation l, which reflects the mem-
brane shape fluctuations, by the Gaussian distribution
(19), and choose the average separation l¯ of this distri-
bution such that the binding constant K2D of Eq. (20) is
maximal, because maxima of K2D correspond to minima
of the overall binding free energy of the adhering mem-
branes. The width of the distribution P (l) is the relative
membrane roughness ξ⊥. The dashed lines in the Figs. 3
and 4 are calculated with the dashed interpolation func-
tions for K2D(l) from Fig. 2.
The Figs. 3(a) and 4(a) illustrate that the binding con-
stantK2D decreases with increasing relative roughness ξ⊥
of the membranes. The full theory lines in these figures
do not involve any data fitting and agree overall well with
the MC data. Slight deviations between the MC data and
theory appear to result predominantly from a slight over-
estimation of the function K2D(l) in our theory (see Fig.
2). The average over local separations of Eq. (20) with
the Gaussian approximation (19) does not seem to con-
tribute significantly to these slight deviations, because
the dashed lines in Figs. 3(a) and 4(a) tend to agree with
the MC data within statistical errors. These dashed lines
are calculated based on the dashed interpolations of the
MC data for K2D(l) in Fig. 2.
For roughnesses ξ⊥ that are much larger than the ef-
fective width ξRL of the functions K2D(l) shown in Fig. 2,
the binding constant K2D is inversely proportional to ξ⊥
at the optimal average separation l¯ = l¯0 for binding (see
Eq. (21)). In the scaling plot of Fig. 3(b), ξ⊥K2D there-
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Figure 3. Binding constant K2D versus relative membrane
roughness ξ⊥ for the anchoring strength ka = 8 kBT and dif-
ferent lengths LR = LL of the receptors and ligands. The
full lines result from Eq. (20) with the theoretical results for
K2D(l) shown as full lines in Fig. 2(a). The dashed lines
are calculated based on the dashed interpolation lines of Fig.
2(a). The left-most MC data points for zero roughness ξ⊥
correspond to the maxima of the curves K2D(l) in Fig. 2(a).
In (b), the 11 points on the right results from MC simulations
with flexible membranes of zero tension with NR = NL = 50,
60, 75, 100, 125, 150, 200, 300, 500, 750, 1000 receptors and
ligands (from right to left). The points 2 to 6 from left are
from simulations with tension σ = 500, 100, 50, 25, 10 kBT/a
2
and NR = NL = 100. For LR = LL = 4 a and 6 a, point 7
from left results from simulations with tension σ = 4 kBT/a
2.
The data in (a) are from the same simulations as in the scaling
plot (b), but for clarity shown only for a smaller roughness
range.
fore tends to constant, limiting values for large rough-
nesses ξ⊥  ξRL. Based on Eq. (23), the effective width
of the function K2D(l) can be estimated as ξRL ' 0.26 a,
0.51 a, and 0.75a for the receptor and ligand lengths
LR = LL = 2 a, 4 a, and 6 a of Fig. 3(b). Because of the
smaller value of ξRL, the blue curve in Fig. 3(b) for the
receptor and ligand length LR = LL = 2 a approaches its
limiting value faster than the other two curves.
Fig. 4(b) illustrates that the preferred average separa-
tion of the two adhering membranes decreases with the
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Figure 4. Rescaled binding constant K2D/ka and average
membrane separation l¯ versus relative membrane roughness
ξ⊥ for the length LR = LL = 4 a and different anchoring
strengths ka of receptors and ligands. The full lines in this
figure are obtained from Eq. (20) and the theoretical results
for K2D(l) shown as full lines in Fig. 2(b). The dashed lines
result from the dashed interpolation lines of Fig. 2(b) (see
text for details). The left-most MC data points correspond to
the value and location of the maxima in Fig. 2(b). All other
data points result from MC simulations with flexible mem-
branes (see Fig. 1(b)) for different membrane tensions σ and
numbers NR = NL of receptors and ligands.
relative roughness ξ⊥ of the membranes. The lines in
this figure result from maximizing K2D in Eq. (20) with
respect to the average separation of the Gaussian distri-
bution (19) for the functions K2D(l) shown in Fig. 2(b).
The full lines are based on our theoretical calculations of
K2D(l) and do not involve any data fitting. The dashed
lines are calculated based on the dashed interpolations of
the MC data for K2D(l) in Fig. 2(b). For small and in-
termediate roughnesses, the lines in Fig. 4(b) agree well
with the data points from our MC simulations in which
the membranes can ‘freely choose’ a preferred average
separation l¯0 . For large roughnesses, the MC data de-
viate from the theory lines because of the fluctuation-
induced repulsion of the impenetrable membranes, which
is not taken into account in our theory. In the roughness
range in which the fluctuation-induced repulsion of the
9membranes is negligible, the preferred average separation
l¯0 decreases because of the asymmetry of the function
K2D(l). At zero roughness, the preferred average sepa-
ration l¯0 is identical to the local separation l0 at which
K2D(l) is maximal. For larger roughnesses, the average of
K2D(l) over the local separations l in Eq. (20) is maximal
at average separations l¯0 smaller than l0 because K2D(l)
is asymmetric, with a pronounced ‘left arm’ that reflects
tilting of the receptor-ligand complexes. The preferred
average separation l¯0 decreases for decreasing anchoring
strength ka because of smaller tilt energies. For rough-
nesses ξ⊥ that are large compared to the width ξRL of the
functions K2D(l), the preferred average separation l¯0 in
our theory can be estimated from Eq. (22), which leads to
l¯0 = 7.06 a, 7.56 a, and 7.81 a for the anchoring strengths
ka = 4 kBT , 8 kBT , and 16 kBT of Fig. 4(b) and the pre-
ferred length L0 ' 8.07 a of the receptor-ligand complex
with the molecular lengths LR = LL = 4a.
C. MC data and theory for the binding constants of
semi-flexible receptors and ligands
In this section, we extend our theory to semi-flexible
receptors and ligands and compare this extended theory
to MC data. Each semi-flexible receptor and ligand in
our MC simulations consist of two rod-like segments, an
anchoring segment and an interacting segment, that are
connected by a flexible joint with bending energy
Vben =
1
2
kfθ
2
f (24)
and stiffness kf (see also Fig. 5). The overall configura-
tional energy (3) then contains the total bending energy
Hben of all receptors and ligands as an additional term.
As additional type of MC move, our simulations with
semi-flexible receptor and ligand molecules involve con-
tinuous rotational moves around the flexible joints con-
necting the two rod-like segments of the molecules. The
anchoring segment of a semi-flexible receptor or ligand
is attached to the membrane via the same anchoring po-
tential (8) as the rod-like receptors and ligands. The in-
teracting segments of a semi-flexible receptor and ligand
interact via the same binding potential (7). Since the
binding constant K3D of soluble receptors and ligands
only depends on the binding potential, our semi-flexible
receptors and ligands have the same value of K3D as our
rod-like receptors and ligands, irrespective of their stiff-
ness kf .
In contrast, the maximum value of the binding con-
stant K2D of membrane-anchored semi-flexible receptors
and ligands decreases with decreasing stiffness kf (see
Fig. 6). The MC data for K2D(l) in this figure result
from simulations with parallel and planar membranes
(see Fig. 5). In these simulations, both rod-like seg-
ments of a receptor or ligand have the length 2 a, and
the anchoring segment is anchored to the membrane with
strength ka = 8 kBT . We consider semi-flexible recep-
tors and ligands with the three different stiffness values
kf = 16 kBT , 32 kBT , and 64 kBT . An infinite stiffness
kf corresponds to rod-like receptors and ligands with
length 4 a. The blue data in Fig. 5 for infinite kf therefore
correspond to the yellow data of Fig. 2 for ka = 8 kBT
and LR = LL = 4 a.
We find that the function K2D(l) for the semi-flexible
receptor and ligand molecules can be described for large
stiffness kf  ka by a reduced effective anchoring
strength keffa in our theory for rod-like molecules. This
effective anchoring strength can be calculated from the
standard deviation of the angle θi of the interacting seg-
ment of the semi-flexible molecules with respect to the
membrane normal. For the anchoring strength ka =
8 kBT as in Fig. 6, the standard deviation of the angle
θi is 0.597 for kf = 16kBT , 0.547 for kf = 32kBT , 0.519
for kf = 64 kBT , and 0.489 for infinite kf , which corre-
sponds to rod-like receptors and ligands with θi = θa.
We obtain the same standard deviations for the an-
gle θa of rod-like molecules with the effective anchoring
strengths keffa = 5.25 kBT , 6.34 kBT , and 7.08 kBT for
kf = 16 kBT , 32 kBT , and 64 kBT , respectively. The
lines in Fig. 6 represent our theoretical results based on
Eq. (18) for rod-like molecules with these effective an-
choring strengths and with the values kRL = 295 kBT/a
2,
528 kBT/a
2, and 664 kBT/a
2 for kf = 16 kBT , 32 kBT ,
and 64 kBT , respectively, which are obtained from the
standard deviations of the end-to-end distance deter-
mined in MC simulations of soluble RL complexes. The
preferred length L0 of the semi-flexible RL complexes are
obtained from a fit to the MC data in Fig. 6. The theo-
retical results for K2D(l) are in good agreement with the
MC data for the stiffness kf = 64 kBT , which is much
larger than the anchoring strength ka = 8 kBT . For the
smaller stiffnesses kf = 32 kBT and 16 kBT , the theo-
retical results deviate more strongly from the MC data,
which indicates that our extended theory based on effec-
tive anchoring strengths is valid for kf  ka.
V. DISCUSSION AND CONCLUSIONS
We have presented here a general theory for the bind-
ing equilibrium constant K2D of rather stiff membrane-
anchored receptors and ligands. This theory generalizes
our previous theoretical results7 by describing how K2D
depends both on the average separation l¯ and thermal
nanoscale roughness ξ⊥ of the apposing membranes, and
on the anchoring, length and flexibility of the receptors
and ligands. A central element of this theory is the calcu-
lation of the rotational phase space volume of the bound
receptor-ligand complex, which is based on an effective
configurational energy of the complex (see Eqs. (13) to
(17)). In our previous theory for the preferred average
membrane separation l¯0 for binding, the rotational phase
space volume of the bound complex was determined from
the distribution of anchoring angles of the complex ob-
served in simulations7. In the theory presented here, the
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Figure 5. Snapshot from a MC simulation with semi-flexible receptors and ligands anchored to parallel and planar membranes.
In this simulation, the membrane separation is l = 7.8 a, and the receptors and ligands have an anchoring strength ka = 8 kBT
and stiffness kf = 64 kBT . Each semi-flexible receptor or ligand is composed of two rod-like segments of length 2 a, which are
connected by a joint with stiffness kf . The snapshot displays segments with area 40×40 a2 of the simulated membranes, which
have the overall area 160× 160 a2.
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Figure 6. Binding constant K2D of semi-flexible receptor
and ligand molecules as a function of the local separation
l for different stiffnesses kf of the molecules. The MC data
points are from simulations with parallel and planar mem-
branes. The anchoring strength of the receptors and lig-
ands in these simulations is ka = 8 kBT , and the length of
the two rod-like segments of the semi-flexible receptors and
ligands is 2 a. The lines in Fig. 6 represent theoretical re-
sults based on Eq. (18) with the effective anchoring strengths
keffa = 5.25 kBT , 6.34 kBT , and 7.08 kBT and spring con-
stants kRL = 295 kBT/a
2, 528 kBT/a
2, and 664 kBT/a
2 for
kf = 16 kBT , 32 kBT , and 64 kBT , respectively. The values
L0 = 7.95 a, 7.97 a, and 8.03 a for the preferred length of
the RL complexes with stiffness kf = 16 kBT , 32 kBT , and
64 kBT here are obtained from a fit to the MC data. The
blue data points and lines for infinite stiffness kf correspond
to the yellow data points and lines for rod-like receptors and
ligands in Fig. 2 with anchoring strength ka = 8 kBT and
length LR = LL = 4 a.
dependence of K2D on the average membrane separation
l¯ and relative roughness ξ⊥ results from averaging K2D(l)
over the distribution P (l) of local membrane separations
l with mean l¯ and standard deviation ξ⊥. For relative
roughnesses ξ⊥ that are much larger than the the width of
the functionK2D(l), the binding constantK2D is inversely
proportional to ξ⊥ at average membrane separations l¯
equal to the preferred average separation l¯0 according to
Eq. (21). In our previous theory, this inverse proportion-
ality resulted from the entropy loss of the membranes
upon receptor-ligand binding. Our theories relate the
binding constant K2D of the membrane-anchored recep-
tor and ligand proteins to the binding constant K3D of
soluble variants of the proteins without membrane an-
chors by determining the translational and rotational free
energy changes of anchored and soluble proteins upon
binding. In a complementary approach of Wu et al.6,8,
the binding constant K2D of receptors and ligands an-
chored to essentially planar membranes is determined
based on ranges of motion of bound and unbound re-
ceptors and ligands in the direction perpendicular to the
membranes.
In this article, we have corroborated our theory by a
comparison to detailed data from MC simulations. Our
general results for the ratio K2D/K3D of the binding con-
stants of membrane-anchored and soluble receptors and
ligands agree with the MC results without any data fit-
ting. Our MC simulations are based on a novel elastic-
membrane model in which the receptors and ligands are
described as anchored molecules that diffuse continu-
ously along the membranes and rotate at their anchor-
ing points. In our accompanying article46, we compare
our general theoretical results for K2D to detailed data
from molecular dynamics simulations of biomembrane
adhesion with both transmembrane and lipid-anchored
receptors and ligands, and extend our theory to the
binding rate constants kon and koff. Our theoretical re-
sults are rather general and hold for membrane-anchored
molecules whose anchoring is ‘soft’ compared to their
binding and bending, which is realistic for a large vari-
ety of biologically important membrane receptors and lig-
ands such as the T-cell receptor and its MHC-peptide lig-
and or the cell adhesion proteins CD2, CD48, and CD58.
The dependence of the binding constant K2D on
the average separation l¯ and relative roughness ξ⊥ of
the membranes helps to understand why mechanical
methods that probe the binding kinetics of membrane-
anchored proteins during initial membrane contacts can
lead to values for the binding equilibrium constant K2D
that are orders of magnitude smaller than the values ob-
tained from fluorescence measurements in equilibrated
adhesion zones1. In equilibrated adhesion zones that are
dominated by a single species of receptors and ligands,
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the average membrane separation l¯ is close to the pre-
ferred average separation l¯0 for binding, and the relative
membrane roughness ξ⊥ is reduced by receptor-ligand
bonds5,7. During initial membrane contacts, in contrast,
both the membrane separation l¯ and roughness ξ⊥ are
larger, which can lead to significantly smaller values for
K2D according to our theory.
In our MC simulations, we have focused on membranes
that adhere via a single species of receptors and ligands.
The average membrane separation l¯ then is identical to
the preferred average separation l¯0 of these receptors
and ligands for binding. However, our elastic-membrane
model can be generalized to situations in which mem-
brane adhesion is mediated by different species of recep-
tors or ligands, e.g. by long and short pairs of recep-
tors or ligands as in T-cell adhesion zones56–58, or to
situations in which the binding of receptors and ligands
is opposed by repulsive membrane-anchored molecules,
e.g. by molecules of the cellular glycocalyx59. These sit-
uations have been previously investigated with elastic-
membrane models in which the molecular interactions
of receptors and ligands or repulsive molecules are de-
scribed implicitly by interaction potentials that depend
on the local membrane separation29–32,38–41,43. At suf-
ficiently large concentrations, long and short receptor
and ligand molecules segregate into domains in which
the adhesion is dominated either by the short or by the
long molecules60,61. The domain formation is caused by
a membrane-mediated repulsion between long and short
receptor-ligand complexes, which arises from membrane
bending to compensate the length mismatch. In each do-
main, the average separation of the membranes is close to
the preferred average separation of the dominating recep-
tors and ligands. Within such a domain, the distribution
P (l) of the local membrane separation l has a single peak
centered around the preferred average separation of the
dominating receptors and ligands. Averaged over whole
adhesion zones with multiple domains, the distribution
P (l) has two peaks that are centered around the pre-
ferred average separations of the long and short pairs of
receptors and ligands. Similarly, short receptor and lig-
and molecules and longer repulsive molecules segregate
at sufficiently large molecular concentrations29,30,62.
Several groups have investigated experimentally how
varying the length of membrane-anchored receptors or
ligands affects cell adhesion. Chan and Springer63 found
an increased cell-cell adhesion efficiency in hydrodynamic
flow for elongated variants of CD58, compared to wild-
type CD58. Patel et al.64 observed that cells with long
variants of P-selectin bind more efficiently under shear
flow to cells with the binding partner PSGL-1, com-
pared to shorter variants of P-selectin. From adhesion
frequencies in a micropipette setup, Huang et al.65 ob-
tained higher on-rates for long P-selectin constructs at-
tached to red-blood-cell surfaces, compared to short P-
selectin constructs, and identical off-rates for both con-
structs. These results indicate that initial cell-cell ad-
hesion events probed in hydrodynamic flow or with mi-
cropipette setups can be more efficient for elongated re-
ceptors or ligands, presumably due to reduced cytoskele-
tal repulsion63,64. In a different approach, Milstein et
al.66 investigated the CD2-mediated adhesion efficiency
of T cells to supported membranes that contain either
wild type CD48 or elongated variants of CD48. For elon-
gated variants of CD48, Milstein et al. observed less effi-
cient cell adhesion after one hour compared to wild type
CD48 at identical concentrations. This observation is in
qualitative agreement with our findings that the binding
constant K2D decreases with increasing length of recep-
tors and ligands (see Fig. 3(a)), and increasing flexibility
(see Fig. 6). Besides increasing the length, the addition
of protein domains may lead to a larger flexibility of the
elongated variants of CD48 compared to the wildtype.
We have focused here on receptors and ligands with
preferred collinear binding and preferred perpendicular
membrane anchoring, i.e. with a preferred anchoring an-
gle of zero relative to the membrane normal. A pre-
ferred non-zero anchoring angle θ0 can be simply taken
into account by changing the anchoring energy (8) to
Vanchor =
1
2ka(θa − θ0)2. For a preferred collinear bind-
ing of rod-like receptors and ligands, the preferred bind-
ing angle θb is 0. For receptors and ligands anchored to
parallel and planar membranes as in sections III.B and
III.C, the anchoring angles of a receptor and ligand in a
bound complex then are identical, and identical to the
tilt angle θc of the receptor-ligand complex. The tilt an-
gle θc here is defined as the angle between the membrane
normal and the line connecting the two anchor points of
the receptor-ligand complex. For a preferred non-zero
binding angle θb, the receptor-ligand complex is kinked.
The anchoring angles θa,1 and θa,2 of a receptor and lig-
and in a bound complex then depend not only on the
tilt angle θc of the complex, but also on the torsional
angle φc of the complex around the tilt axis, the lengths
LR and LL of the receptor and ligand, and the preferred
binding angle. The rotational phase space volume ΩRL of
such a kinked RL complex can be calculated by integrat-
ing exp(−HRL/kBT ) over the tilt angle θc and torsional
angle φc of the complex, where HRL is the generalized
effective configurational energy of the complex with an-
choring angles θa,1 and θa,2.
The rod-like receptors and ligands and rod-like seg-
ments of semi-flexible receptors and ligands considered
here can freely rotate around their axes in the bound and
unbound state. For proteins, in contrast, such rotations
will be restricted in the bound complex, which leads to an
additional loss of rotational entropy upon binding. How-
ever, this additional loss of rotational entropy is identical
both for the membrane-anchored complex in 2D and the
soluble complex in 3D and, thus, does not affect the ratio
K2D/K3D of the binding constants, provided the binding
interface of the receptor-ligand complex is not affected
by membrane anchoring, as assumed in section III.C.
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Figure 7. Illustration of a quadratic membrane patch with a
receptor or ligand located at (u, v). The local deviation l(u, v)
and the tangent vectors t1 and t2 and normal vector n follow
from linear interpolation (see text).
Appendix A: Positions and anchoring angles of receptors
and ligands in our elastic-membrane model.
In our elastic-membrane model of biomembrane adhe-
sion, the conformations of the two apposing membranes
are described by local deviations li at lattice sites i of a
reference plane. The receptors and ligands of this model
move continuously along the membranes and, thus, ‘in
between’ the discretization sites of the membrane. The
anchor position and anchoring angle of a receptor or lig-
and can be obtained by linear interpolation from the local
membrane deviations l1, l2, l3, and l4 at the four lattice
sites 1, 2, 3, and 4 around the receptor or ligand (see Fig.
7). The anchor position of the receptor or ligand within
a quadratic patch of the reference plane with corners 1,
2, 3, and 4 can be described by the parameters u and v
with 0 ≤ u, v ≤ 1. The local membrane deviation l(u, v)
of the anchor out of the reference plane then follows from
linear interpolation67,68:
l(u, v) = (1− u)(1− v)l1 + u(1− v)l2 + (1− u)vl3 + uvl4
(A1)
To calculate the anchoring angle of a receptor or lig-
and molecule, we first need to determine the membrane
normal n at the site (u, v) of the anchor. The membrane
normal can be calculated from the two tangent vectors
t1 and t2 of the membrane at site (u, v) (see Fig. 7). The
tangent vector t1 is
t1 = cos θxex + sin θxez (A2)
where ex and ez are the unit vectors along the x and z
axis. The angle θx between the vector t1 and the x axis
can be obtained from
tan θx = l24 − l13 = (1− v)(l2 − l1) + v(l4 − l3) (A3)
with l24 and l13 illustrated in Fig. 8. For simplicity, all
lengths here are normalized by the lattice spacing a. Sim-
ilarly, the tangent vector t2 is
t2 = cos θyey + sin θyez (A4)
l13 l24
l12
l34
Figure 8. Projection of the quadratic membrane patch shown
in Fig. 7.
where the angle θy between the vector t2 and the y axis
can be obtained from
tan θy = l34 − l12 = (1− u)(l3 − l1) + u(l4 − l2) (A5)
From t1 and t2, the membrane normal vector n can be
calculated as
n = t1 × t2 (A6)
The anchoring angle θa between the rod-like receptor or
ligand and the membrane normal then follows as
θa = arccos(n · r) (A7)
where r is a unit vector pointing in the direction of the
receptor or ligand.
Appendix B: Effective configurational energy of
receptor-ligand complexes.
In this section, we derive the effective configurational
energy (13) of a receptor-ligand complex and Eqs. (14)
and (15) for the preferred length L0 and the effective
spring constant kRL of the complex. The length LRL of a
receptor-ligand complex is the distance between the two
anchor points of the receptor and ligand. For rod-like
receptors and ligands, variations in this length mainly
result from variations in the binding angle θb and in the
binding-site distance z in the direction of the complex.
For small binding angles θb, variations of the binding-site
distance in the two directions x and y perpendicular to
the complex can be neglected. The length of the complex
is then
LRL(θb, z) ' z +
√
L2R + L
2
L + 2LRLL cos θb (B1)
where LR and LL are the lengths of the receptor and lig-
and. In harmonic approximation, the variations in the
binding angle θb and binding-site distance z in the di-
rection parallel to the complex can be described by the
configurational energy
H(θb, z) =
1
2
kbθ
2
b +
1
2
kz(z − z0)2 (B2)
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where kb and kz are spring constants that are related to
the standard deviations σb and ξz of the distributions
for the binding angle θb and binding-site distance z via
kb = kBT/σ
2
b and kz = kBT/ξ
2
z . We assume now that
kb is much larger than the thermal energy kBT , which
implies small binding angles θb. From expanding Eq.
(B1) up to second order in θb, we obtain the average
length
L0 = 〈LRL〉 ' z0 + LR + LL − kBT
kb
LRLL
LR + LL
(B3)
and the variance of the length
ξ20 = 〈L2RL〉 − 〈LRL〉2 '
kBT
kz
+
(
kBT
kb
)2
L2RL
2
L
(LR + LL)2
(B4)
to leading order in kBT/kb. The thermodynamic aver-
ages here are calculated as
〈. . .〉 =
∫∞
−∞
∫ pi/2
0
. . . e−H(θb,z)/kBT sin θbdθbdz∫∞
−∞
∫ pi/2
0
e−H(θb,z)/kBT sin θbdθbdz
(B5)
The variations in the end-to-end distance LRL of the
receptor-ligand complex then can be described by the sec-
ond term of effective configurational energy (13) with the
effective spring constant kRL = kBT/ξ
2
0 (see Eq. (15)).
Appendix C: Integrals and moments of the function K2D(l).
The shape of the function K2D(l) introduced in Eq.
(18) is determined by ΩRL(l), i.e. by the rotational phase
space volume of the RL complex as a function of the local
separation l. The mean value and standard deviation
of K2D(l) therefore is identical to the mean value and
standard deviation of ΩRL(l). We first consider here the
moments of ΩRL(l). The zeroth moment is the integral
m0 =
∫ ∞
0
ΩRL(l)dl
= 2pi
∫ ∞
0
[∫ pi/2
0
e−HRL(θa,LRL(θa))/kBT sin θadθa
]
dl
(C1)
' 2pi
∫ ∞
0
[∫ ∞
−∞
e−HRL(θa,LRL(θa))/kBTdl
]
sin θadθa
(C2)
'
√
2pi3/2kBT√
kakRL
FD
(√
kBT
ka
)
(C3)
where FD is the Dawson function. The approximate re-
sult (C3) holds for anchoring strengths ka  kBT for
which the integrand is practically 0 at the upper limit
pi/2 of the integration over θa in Eq. (C1). This approx-
imate result then is obtained by interchanging the order
of the integrations over θa and l, and by extending in-
tegration limits to infinity. We assume that the binding
interaction is rather ‘hard’ compared to the anchoring,
which implies kRLL
2
0  ka. In the same way, the first
and second moment of ΩRL(l) are obtained as
m1 =
∫ ∞
0
l ΩRL(l)dl (C4)
' pi
3/2L0kBT√
2kakRL
[
FD
(
1
2
√
kBT
ka
)
+ FD
(
1
2
(
kBT
ka
)3/2)]
(C5)
and
m2 =
∫ ∞
0
l2 ΩRL(l)dl (C6)
' pi
3/2kBT
(
kRLL
2
0 + kBT
)
√
8kak
3/2
RL
[
2FD
(√
kBT
ka
)
(C7)
+ FD
(
2
√
kBT
ka
)]
(C8)
for ka  kBT . From these moments, we obtain the mean
l¯0 = m1/m0 ' L0(1− kBT/2ka) (C9)
and the standard deviation
ξRL =
√
m2/m0 − (m1/m0)2 (C10)
'
√
(kBT/kRL) + (kBTL0/2ka)2 (C11)
of the functions ΩRL(l) and K2D(l) for ka  kBT .
The mean value l¯0 is the preferred average separation of
the membranes for large relative membrane roughnesses
ξ⊥  ξRL.
From Eq. (C3) and the rotational phase space volume
ΩR = ΩL ' 2pi
∫ ∞
0
e−
1
2kaθ
2
a/kBT sin θa dθa (C12)
' pi
√
8kBT
ka
FD
(√
kBT
2ka
)
(C13)
of the unbound receptors and ligands, we obtain the in-
tegral
∫
K2D(l)dl '
K3DkaFD
(√
kBT
ka
)
2
√
kakRL ξzFD
(√
kBT
2ka
)2 (C14)
' K3Dka√
kBTkRL ξz
(C15)
of the function K2D(l). Eq. (C15) results from the ap-
proximation FD(x) ' x for x  1 of the Dawson func-
tion FD and is rather precise compared to Eq. (C14),
with a relative error of 0.1 % for ka = 4 kBT , and much
smaller relative errors for larger values of ka. Eq. (21) for
the binding constant K2D at large membrane roughnesses
ξ⊥  ξRL follows from Eq. (C15).
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Appendix D: Roughness and variations of membrane
normal of fluctuating membranes
To obtain general scaling relations for the roughness
and local orientation of fluctuating membranes, we con-
sider here a tensionless quadratic membrane segment
with projected area L × L and periodic boundary con-
ditions in Monge parametrization. The shapes of this
quadratic membrane segment can be described by the
Fourier decomposition
l(r) =
∑
q
[aq cos(q · r) + bq sin(q · r)] (D1)
with r = (x, y) and q = (qx, qy) = 2pi(m,n)/L where m,
and n are integers. The summation in Eq. (D1) extends
over half the q-plane with m ≥ 0. The bending energy
of a given membrane shape with Fourier coefficients {aq}
and {bq} then is
G =
∫
κ
2
(∆l)
2
dxdy =
∑
q
κ
4
q4
(
a2q + b
2
q
)
L2 (D2)
with q =
√
q2x + q
2
y. Since the Fourier modes are decou-
pled, the mean-squared amplitude of each mode can be
determined independently as
〈
a2q
〉
=
〈
b2q
〉
=
∫∞
−∞ b
2
qe
−κq4b2qL2/4kBTdbq∫∞
−∞ e
−κq4b2qL2/4kBTdbq
=
2kBT
κq4L2
(D3)
The local mean-square deviation of the membrane from
the average location 〈l(r)〉 = 0 then can be calculated〈
l(r)2
〉
=
∑
q
[〈
a2q
〉
cos2(q · r) + 〈b2q〉 sin2(q · r)]
=
∑
q
2kBT
κq4L2
'
(
L
2pi
)2 ∫ pi/a
pi/L
2kBT
κq4L2
piq dq ' kBTL
2
4pi3κ
(D4)
after converting the sum over the wavevectors q into an
integral over half the q-plane from qmin ' pi/L to qmax '
pi/a where a  L is molecular length scale. Similarly,
the local mean-square gradient of the on average planar
membrane can be calculated as〈
(∇l(r))2
〉
=
∑
q
[
q2
〈
a2q
〉
sin2(q · r) + q2 〈b2q〉 cos2(q · r)]
=
∑
q
2kBT
κq2L2
'
(
L
2pi
)2 ∫ pi/a
pi/L
2kBT
κq2L2
piq dq =
kBT
2κpi
ln
(
L
a
)
(D5)
According to Eq. (D4), the roughness ξ⊥ =
√〈l(r)2〉
is proportional to the linear size L of the quadratic
membrane segment, which in turn is proportional to the
lateral correlation length ξ‖ of the membrane. In our
MC simulations with tensionless membranes, the lateral
correlation length is proportional to the mean distance
1/
√
[RL] of neighboring RL complexes. Since the fluc-
tuations of the separation field l = l1 − l2 of the two
apposing membranes are governed by a bending energy
of the form of Eq. (D2) with effective bending rigidity
κeff = κ1κ2/(κ1 + κ2) where κ1 and κ2 are the rigidities
of the two membranes69, we obtain the scaling relation
ξ⊥ ' c⊥
√
kBT/κeff
(√
[RL]
)−1/2
(D6)
between the relative roughness ξ⊥ of the apposing mem-
branes and the concentration [RL] of receptor-ligand
complexes. Fig. 9 illustrates that the relative roughness
ξ⊥ in our tensionless MC simulations is proportional to
1/
√
[RL] in the roughness range ξ⊥ < a ' 5 nm, in ac-
cordance with the scaling relation (D6). Linear fits in
this roughness range lead to values of the numerical pref-
actor c⊥ between 0.17 and 0.22, slightly depending on the
length and anchoring strength of the receptor and ligand
molecules. For larger relative roughnesses ξ⊥ > a , the
fluctuation-mediated repulsion of the membranes leads
to deviations from this linear scaling (see also Fig. 4(b)).
The effective rigidity of the two apposing membranes in
our MC simulations with rigidities κ1 = κ2 = 10 kBT is
κeff = 5 kBT . Previous MC simulations with receptor-
ligand bonds that strongly constrain the local separation
l led to the value c⊥ ' 0.14 for the numerical prefactor in
Eq. (D6). In general, the numerical prefactor c⊥ depends
on how strongly the receptor-ligand bonds constrain the
membrane fluctuations, which can be quantified by the
effective width ξRL of the function K2D(l) given in Eq.
(23).
Appendix E: Effect of orientational variations of membrane
normals on receptor-ligand binding.
Membrane shape fluctuations lead to orientational
variations of the membrane normals. In this section, we
consider how such variations affect the rotational phase
space volume ΩRL and, thus, the binding constant K2D
of the receptor-ligand complexes. We focus on a single
RL complex. The normals of the two membranes at the
(x, y) position of the center of mass of this complex are:
n1 = (sin θ1 cosφ1, sin θ1 sinφ1, cos θ1) (E1)
n2 = (sin θ2 cosφ2, sin θ2 sinφ2, cos θ2) (E2)
Without loss of generality, we assume that the receptor-
ligand complex is tilted in the x-z plane (see Fig. 10).
The orientation of the complex then can be described by
the unit vector
rc = (sin θc, 0, cos θc) (E3)
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Figure 9. Relative roughness ξ⊥ of two adhering, tension-
less membranes versus the mean distance 1/
√
[RL] of neigh-
boring RL complexes of our MC simulations. The relative
roughness is proportional to 1/
√
[RL] in the range ξ⊥ < a, in
agreement with the scaling relation (D6). The values for the
numerical prefactor c⊥ of Eq. (D6) obtained from linear fits
in this roughness range (see full lines) are c⊥ ' 0.17 for the
lengths LR = LL = 2 a and anchoring strength ka = 8 kBT
of receptors and ligands, c⊥ ' 0.19 for LR = LL = 4 a and
ka = 8 kBT , c⊥ ' 0.20 for LR = LL = 6 a and ka = 8 kBT ,
c⊥ ' 0.17 for LR = LL = 4 a and ka = 16 kBT , and c⊥ ' 0.22
for LR = LL = 4 a and ka = 4 kBT .
where θc is the tilt angle of the complex. The anchoring
angles of the RL complex in the two membranes, i.e. the
angles between rc and the normals n1 and n2, then are
θa,1 = arccos (sin θ1 cosφ1 sin θc + cos θ1 cos θc) (E4)
θa,2 = arccos (sin θ2 cosφ2 sin θc + cos θ2 cos θc) (E5)
The tilt angles γ1 and γ2 of the projections of the normal
vectors n1 and n2 into the x-z plane (see Fig. 10) fulfill
the relations
tan γ1 = sin θ1 cosφ1/ cos θ1 (E6)
tan γ2 = sin θ2 cosφ2/ cos θ2 (E7)
The position of the anchor in membrane 1 then has the
coordinates
x1 = (LRL/2) sin θc (E8)
z1 = l − x1 tan γ1 = l − LRL sin θc sin θ1 cosφ1/(2 cos θ1)
(E9)
where LRL is the length of the rod-like RL complex, and
l is the local deviation of membrane 1 at the center of
mass of the complex (see Fig. 10). The position of the
anchor in membrane 2 has the coordinates
x2 = −(LRL/2) sin θc (E10)
z2 = −x2 tan γ2 = −LRL sin θc sin θ2 cosφ2/(2 cos θ2)
(E11)
n1
n2
γ1
(x1,z1)
(x2,z2)
γ2
θc
z = 0
z = l
x
z
(x,z)
(x,z)
Figure 10. A bound receptor-ligand complex anchored to two
membranes with local tilt angles γ1 and γ2 in the x-z plane
in which the complex is located. Here, n
(x,z)
1 and n
(x,z)
2 are
the projections of the local normal vectors n1 and n2 of the
two membranes into the x-z plane.
From the relation L2RL = (x1−x2)2 + (z1− z2)2 between
the length LRL of the complex and positions of its mem-
brane anchors, we obtain
LRL = 2l/ (2 cos θc + sin θc(tan θ1 cosφ1 − tan θ2 cosφ2))
(E12)
This equation reduces to Eq. (16) of planar membranes
for θ1 = θ2 = 0.
The effective configurational energy (13) now can be
generalized to
HRL(θc, l,n1,n2) ' 1
2
ka
(
θ2a,1 + θ
2
a,2
)
+
1
2
kRL (LRL − Lo)2
(E13)
with θa,1, θa,2, and LRL given in Eqs. (E4), (E5), and
(E12). The rotational phase space volume of the RL
complex for a fixed orientation of the normals and fixed
local separation l at the center of mass of the complex is
then
ΩRL(l,n1,n2) ' 2pi
∫ pi/2
0
e−HRL(θc,l,n1,n2)/kBT sin θcdθc
(E14)
Fig. 11 illustrates how fluctuations of the membrane
normals affect the function ΩRL(l), for Gaussian distri-
butions of the tilt angles θ1 and θ2 of the normal vectors
with various standard deviations σ1 = σ2. For fixed lo-
cal separation l, the values of ΩRL shown in Fig. 11 are
averages over 10000 randomly chosen orientations of the
normal vectors n1 and n2 with standard deviations σ1
and σ2 of the tilt angles θ1 and θ2. The maximum value
of the function ΩRL(l) decreases for increasing standard
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Figure 11. Mean rotational phase volume ΩRL as a function
of the rescaled local separation l/L0 for orientational fluc-
tuations of the membrane normals with standard deviations
σ1 = σ2. The anchoring strength of the receptors and lig-
ands is ka = 4 kBT in (a) and ka = 16 kBT in (b), and the
effective stiffness of the receptor-ligand complex has the value
kRLL
2
0 = 4.5 · 104 kBT . The mean rotational phase space vol-
ume is calculated as average of ΩRL for 10000 orientations of
the normal vectors n1 and n2 that are randomly chosen from
Gaussian distributions with standard deviations σ1 and σ2.
deviations σ1 = σ2 of the tilt angles of the normal vec-
tors, while the width of this function increases. These
changes of the function ΩRL(l) due to fluctuations of the
normal vectors are more pronounced for the larger an-
choring strength ka = 16 kBT of the receptors and lig-
ands, compared to ka = 4 kBT . In general, the effect of
fluctuations of the normal vectors on ΩRL(l) and K2D(l)
can be expected to be small if the standard deviations σ1
and σ2 of the tilt angles of the normal vectors are small
compared to the standard deviation of the anchoring an-
gles, which increase with decreasing anchoring strength
ka.
In our MC simulations with tensionless membranes,
the standard deviations of the orientational variations of
the membrane normals are about σ1 = σ2 ' 9.8◦ for the
relative membrane roughness ξ⊥ ' 0.5 a and σ1 = σ2 '
11◦ for ξ⊥ ' 1.0 a. These values have been obtained from
MC simulations with the anchoring strength ka = 8 kBT
and lengths LR = LL = 4 a of the receptors and ligands.
From Eq. (D4) with effective rigidity κeff = κ/2 relevant
for the relative roughness of two apposing membranes
with equal rigidities κ1 = κ2 = κ (see Appendix D) and
from Eq. (D5), we obtain
〈
(∇l(r))2
〉
' kBT
2κpi
ln
(√
2pi3/2ξ⊥
a
√
kBT/κ
)
(E15)
for the local mean-square tilt of the membranes. Eq.
(E15) leads to the estimates σ1 = σ2 ' 11.3◦ and 12.7◦
for the relative roughnesses ξ⊥ ' 0.5 a and ξ⊥ ' 1.0 a,
respectively, and the membrane rigidity κ = 10 kBT of
our MC simulations, which are slightly larger than the
measured values of σ1 and σ2 given above.
For relative membrane roughnesses ξ⊥ that are large
compared to the width ξRL of the functions ΩRL(l) and
K2D(l), the binding constantK2D only depends on the in-
tegrals of these functions (see Eq. (21)). In Fig. 11(a), the
integral of the function ΩRL(l) is reduced by 1%, 6%, and
12% for σ1 = σ2 = 5
◦, 10◦, and 15◦, respectively, com-
pared to the integral of ΩRL(l) for planar membranes. In
Fig. 11(b), the integral of ΩRL(l) is reduced by 6%, 20%,
and 34% for σ1 = σ2 = 5
◦, 10◦, and 15◦, respectively,
compared to the integral of ΩRL(l) for planar membranes.
For the relative membrane roughness ξ⊥ ' 1.0 a with
σ1 = σ2 ' 11◦ obtained from our MC simulations (see
above), the fluctuations of the membrane normals thus
effectively reduce the K2D values of our theory by about
7% for the anchoring strength ka = 4 kBT , and by about
23% for the anchoring strength ka = 16 kBT . For the an-
choring strengths ka = 16 kBT , the full and the dashed
theory lines in Fig. 4 indeed overestimate the K2D data
points from MC simulations with fluctuating membranes
by about 13% and 8%, respectively, for large roughnesses
around ξ⊥ ' 1.0 a, which is somewhat smaller than the
estimate of 23% above obtained from taking into account
the fluctuations of the normals. The relative error of our
MC data points is about 5%.
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